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In this article we establish some connections between properties of a topological space X
and the structure of convergence at Gδ-points in an arbitrary remainder of this space X .
A special attention is given to the case when X is a topological group.
© 2009 Elsevier B.V. All rights reserved.
One of the main results in the article is Theorem 1 saying that every Gδ-point in any remainder of a non-locally compact
topological group of Ulam non-measurable cardinality is a point of bisequentiality of the remainder. It follows, in particular,
that if a non-locally compact topological group G has, in some compactiﬁcation, a remainder Y of countable pseudocharac-
ter, then this remainder is bisequential, and either Y is countably compact, or the group G is metrizable (Corollary 5). We
also further clarify the role of Hewitt-Nachbin completeness in the study of remainders of spaces, and especially of topo-
logical groups. In particular, we establish that if a space X is Hewitt-Nachbin complete, then any Gδ-point in an arbitrary
remainder of X in a Hausdorff compactiﬁcation is a bisequentiality point of the remainder (see Theorem 4). To sharpen
some of our results involving Hewitt-Nachbin complete spaces the concept of a weakly HN-space is introduced. We also
provide some applications of the results obtained to dyadic compacta. Finally, we prove an unusual addition theorem: The-
orem 14. Suppose that B is a compact Hausdorff space, and that G is a dense in B subspace homeomorphic to a non-locally
compact topological group of Ulam non-measurable cardinality. Suppose further that the remainder Y = B \ G has at least
one Gδ-point (in Y ), and that B = G ∪ H , for some subspace H of B homeomorphic to a topological group. Then B is
separable and metrizable.
All spaces considered in this paper are assumed to be Tychonoff topological spaces. A remainder Y of a space X is a
subspace Y = bX \ X of a (Hausdorff) compactiﬁcation bX of X .
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subfamily ξ of η converges to a. If a space is bisequential at each of its points, then it is called bisequential. A neighbourhood
of a set is an open set containing this set. Recall that a space X is of point-countable type (of countable type) if every point
(every compact subspace, respectively) is contained in a compact subspace with a countable base of neighbourhoods in X .
For the concept of an Ulam non-measurable cardinal see, for example, [7]. In terminology and notation we follow [7,8]
and [9].
We will need the following statement (see [8]):
Fact 1. If a space Y is bisequential at a point y, then Y has a countable π -base at y.
We also rely upon the next elementary fact:
Fact 2. If Y is a dense subspace of X , and Y has a countable π -base at a point y ∈ Y , then X also has a countable π -base
at y.
We use the main theorem from [5] called below the Dichotomy Theorem:
Fact 3. For any topological group G , either any remainder of G is pseudocompact, or any remainder of G is Lindelöf.
Fact 4. For every topological group G with the countable Souslin number, either every remainder of G is pseudocompact, or
every remainder of G is a Lindelöf p-space.
Proof. Suppose that some remainder Y of G is not pseudocompact. Then Y is Lindelöf, by the Dichotomy Theorem (Fact 3),
and G is a paracompact p-space [3]. Since the Souslin number of G is countable, it follows that G is a Lindelöf p-space [7].
Then, according to a theorem in [3], every remainder of G is a Lindelöf p-space. 
One of the basic results of this article is the following statement:
Theorem 1. If y is a Gδ-point in a remainder Y of a topological group G, where the cardinality of G is Ulam non-measurable, then Y
is bisequential at y.
This result will be derived from a few more elementary statements which we are going to establish. Then we will provide
some applications of Theorem 1.
Lemma 2. Suppose that f : X → Y is a perfect mapping onto, and that some b ∈ Y satisﬁes the next condition: For each x ∈ f −1(b)
there exists a subset P of f −1(b) with a countable base of neighbourhoods in X such that x ∈ P . Then Y is bisequential at b.
Proof. Put B = f −1(b). For each x ∈ B , let P (x) be a subset of B with a countable base of neighbourhoods in X such that
x ∈ P (x). Fix also a countable base ξ(x) = {Vn(x): n ∈ ω} of neighbourhoods of P (x) in X , for each x ∈ B .
Take any ultraﬁlter η on Y converging to b, and put μ = { f −1(M): M ∈ η}. Since f is perfect, there exists c ∈ B such that
c ∈ f −1(M), for each M ∈ η (see [7]). Then Vn(c) ∩ f −1(M) = ∅, for any n ∈ ω and any M ∈ η. It follows that M ∩ Wn = ∅,
where M is any element of η and Wn = f (Vn(c)), n ∈ ω. Hence, Wn ∈ η for any n ∈ ω, since η is an ultraﬁlter on Y . The
deﬁnition of Wn and the continuity of f implies that the family {Wn: n ∈ ω} converges to b in Y . Thus, Y is bisequential
at b. 
Lemma 3. Suppose that B is a compact Gδ-subset of a space X of point-countable type. Then, for each x ∈ B, there exists a compact
subset P of X with a countable base of neighbourhoods in X such that x ∈ P ⊂ B.
Proof. Fix x ∈ B and a compact subspace F of X with a countable base of neighbourhoods in X such that x ∈ F . Put
P = B ∩ F . Clearly, P is a compact subspace of X , and x ∈ P ⊂ B . Moreover, P is a Gδ-subset of F , since B is a Gδ-subset of
X and F ⊂ X . Since F is compact and Hausdorff, it follows that P has a countable base of neighbourhoods in the space F .
Taking into account that F has a countable base of neighbourhoods in X , and that this property is transitive for compact
subsets [7], we conclude that P has a countable base of neighbourhoods in the space X . 
A space X is weakly HN-complete if the remainder Z of X in the Cˇech–Stone compactiﬁcation βX of X is a space of point-
countable type. Clearly, every Hewitt-Nachbin complete space is weakly HN-complete. The space ω1 is weakly HN-complete
but is not Hewitt-Nachbin complete.
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bisequentiality of Y .
Proof. Take the Stone–Cˇech compactiﬁcation βX of X , and put Z = βX \ X . The space Z is of point-countable type, since X
is weakly HN-complete. It is a well-known property of βX that there exists a perfect mapping f of the remainder Z onto
the remainder Y [7,9]. Now ﬁx a Gδ-point b ∈ Y , and put B = f −1(b). Clearly, B is a compact Gδ-subset of Z . It follows
from Lemma 3 that the assumptions in Lemma 2 are satisﬁed. Therefore, by Lemma 2, the space Y is bisequential at b. 
In the next theorem, closely resembling Theorem 4, we beneﬁt by a stronger conclusion under the stronger assumption
that the space X is Hewitt-Nachbin complete. We omit the proof, since it is a rather obvious modiﬁcation of the proof of
Theorem 4 above. Note also that we do not use Theorem 4′ in this paper.
Theorem 4′ . Suppose that X is a Hewitt-Nachbin complete space, and that Y is a remainder of X in a compactiﬁcation bX of X. Then
every Gδ-point y of Y in Y is a point of bisequentiality of the space bX.
Proof of Theorem 1. The remainder Y is either pseudocompact or Lindelöf [9]. In the ﬁrst case, every Gδ-point of Y is a
point of ﬁrst countability of Y . 
It remains to consider the case when Y is Lindelöf. Then the space G is paracompact, since G is a topological group
(see [5]). Since the cardinality of G is Ulam non-measurable, it follows that the space G is Hewitt-Nachbin complete [7,9].
Now Theorem 4 implies that the space Y is bisequential at y.
Corollary 5. Suppose that G is a topological group with a remainder Y of countable pseudocharacter. Then Y is bisequential, and either
G is metrizable and |Y | 2ω , or Y is countably compact and ﬁrst countable.
Proof. By the Dichotomy Theorem (see Fact 3), Y is either pseudocompact or Lindelöf [9]. Observe that if Y is countably
compact, then Y is ﬁrst countable, since every y ∈ Y is a Gδ-point. So it remains to consider the following two cases.
Case 1. Y is pseudocompact and is not countably compact. Then, clearly, Y is ﬁrst countable. Since Y is not countably
compact, a standard argument shows that the space G has a countable π -base at some point. Since G is a topological
group, it follows that the space G is metrizable (see [2] or [8]). Hence, G is a space of countable type [1]. Therefore, by a
famous theorem of M. Henriksen and J. Isbell [10], the remainder Y is Lindelöf. Hence, Y is compact [7,9], a contradiction.
Case 2. Y is Lindelöf and is not countably compact. Since Y is a space of countable pseudocharacter, it follows that the
cardinal |Y | is Ulam non-measurable [7]. The space G is not locally compact, since Y is not compact. Hence, G is nowhere
locally compact, since G is homogeneous. It follows that G is a remainder of Y , and that the cardinality of G is also Ulam
non-measurable (see [7]). Now Theorem 1 implies that the space Y is bisequential (at every point). Therefore, |Y |  2ω ,
since Y is a Lindelöf space of countable tightness and of countable pseudocharacter [7]. It also follows (see Fact 1) that Y
has a countable π -base at each point. Fix a compactiﬁcation bG of G with the remainder Y . Clearly, Y is dense in bG . By
Fact 2, the space bG has a countable π -base at any point of Y . Since Y is not countably compact, it follows, by a standard
argument, that bG has a countable π -base μ at some point c of G . Then the traces of elements of μ on G form a countable
π -base of G at c. Since G is a topological group, we conclude that G is metrizable [2]. 
Several results in this paper treat compacta that can be represented as a union of two subspaces homeomorphic to
topological groups of certain kind. The next Theorem 6 could be easily derived from Theorem 14 below, but an additional
assumption involving Ulam non-measurable cardinals would be needed for that. So we provide an independent proof of
Theorem 6, not using Ulam non-measurable cardinals and demonstrating some interesting connections.
Theorem 6. Suppose that a compact space B is a union of two non-locally compact topological groups G and H, where the space H is
of countable pseudocharacter. Then B is metrizable.
Proof. Notice that H has a Gδ-diagonal, since H is a topological group of countable pseudocharacter (see [2,8]). Put Y =
B \ G . Then Y is a remainder of G , and Y has a Gδ-diagonal, since H has a Gδ-diagonal. Since Y is not compact, it
follows, by a result of J. Chaber (see [9]), that Y is not countably compact. Therefore, by Corollary 5, G is metrizable, and
Y is bisequential. Hence, Y has a countable π -base at each point. It is easily seen that Y is dense in H . Hence, H has a
countable π -base at each point of Y . Therefore, H is metrizable, since H is a topological group [2,8]. Thus, B is the union
of two dense metrizable subspaces. It follows that B has a σ -disjoint base. Clearly, this base is point-countable. Since B is
compact and Hausdorff, the well-known theorem of A.S. Mishchenko implies that B is metrizable [7,9]. 
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image of a compact topological group [7,9].
Theorem 7. Suppose that B is a dyadic compactum, and that X and Z are disjoint dense subspaces of B, where X is weakly HN-
complete, and every point of Z is a Gδ-point in the subspace Y = B \ X. Then B is metrizable.
Proof. Clearly, Y is a remainder of X , and Z ⊂ Y . Hence, Y is dense in B . By Theorem 4, Y is bisequential at each z ∈ Z .
Therefore, Y has a countable π -base at any z ∈ Z . Since Y is dense in B , it follows that B has a countable π -base at each
z ∈ Z . Since B is a dyadic compactum, and Z is dense in B , the space B is metrizable [7,11]. 
The proof of Theorem 8 below depends on Fact 4 (a version of the Dichotomy Theorem for remainders of topological
groups with the countable Souslin number).
Theorem 8. Suppose that B is a dyadic compactum, and that G is a dense subspace of B homeomorphic to a topological group. Suppose
further that the set Z of Gδ-points of the space Y = B \ G is dense in Y , and that Y is dense in B. Then B is metrizable.
Proof. Since B is dyadic, the Souslin number of B is countable [7,9]. It follows that the Souslin number of G is countable,
since G is dense in B . By Fact 4, the remainder Y of G either is pseudocompact, or is a Lindelöf p-space. In each case, every
Gδ-point of Y is a point of ﬁrst countability of Y (see [7,9]). Since the subspace Y is dense in B , and B is regular, it follows
that B is ﬁrst countable at every point of Z . Taking into account that Z is dense in B , and that B is a dyadic compactum,
we conclude that B is metrizable [7,9,11]. 
Corollary 9. Suppose that B is a compact topological group, and that X is a non-open subspace of B such that its complement Y = B \ X
is a space of countable pseudocharacter. Then either B is metrizable, or X is not algebraically closed in B, that is, X is not a subgroup
of B.
Proof. Assume that X is algebraically closed in B . Then X is a subgroup of B .
Case 1. X is dense in B . Then X is nowhere locally compact, since every dense locally compact subspace of a Tychonoff space
is open in it (observe also that every non-locally compact topological group is nowhere locally compact, by homogeneity of
it). Hence, Y is dense in B as well, and we can apply Theorem 8 and conclude that the space B is metrizable.
Case 2. X is not dense in B . Put U = B \ X . Then, U = ∅, U is open in B , and U ⊂ Y . Hence, U is a locally compact space of
countable pseudocharacter. Therefore, the space U is ﬁrst countable. Since U is open in B and non-empty, it follows that B
is ﬁrst countable at some point. Since B is a topological group, we conclude that the space B is metrizable. 
We are now going to establish a somewhat technical result on bisequentiality which generalizes the statement denoted
as Fact 1. It will allow to establish that bisequentiality behaves with respect to dense subspaces of regular spaces in very
much the same way as the ﬁrst countability. The argument we present sharpens the proof of Theorem 1 in [6].
Proposition 10. Suppose that Y is a dense subspace of a space X, and that Y is bisequential at some point y ∈ Y . Then, for any
ultraﬁlter ξ on X converging to y, there exists a decreasing sequence {Vn: n ∈ ω} of open subsets of X such that the closure Vn of Vn
in X belongs to ξ , for each n ∈ ω, and the sequence {Vn: n ∈ ω} converges in X to y.
Proof. We denote by μ the family of all open subsets U of X that satisfy at least one of the following three conditions:
(1) U is dense in X ;
(2) U is a neighbourhood of y in X ;
(3) U contains some element of the ultraﬁlter ξ .
Clearly, μ is a centered family of open subsets of X . Put ηY = {U ∩ Y : U ∈ η}. Since Y is dense in X and μ is a centered
family of open subsets of X , it follows that the family μY is also centered. Therefore, there exists an ultraﬁlter η on Y
containing μY as a subfamily. Then η contains all neighbourhoods of y in X which implies that η converges to y in Y .
Since the space Y is bisequential at y, we can ﬁx a decreasing sequence {An: n ∈ ω} of subsets of Y converging to y
such that An ∈ η, for each n ∈ ω. Let Pn be the closure of An in X , Vn be the interior of Pn in X , and Fn be the closure of
Vn in X , n ∈ ω.
Clearly, {Vn: n ∈ ω} is a decreasing sequence of open subsets of X converging to y in X .
It remains to show that Fn ∈ ξ , for every n ∈ ω.
Assume the contrary, and ﬁx k ∈ ω such that Fk /∈ ξ . Since ξ is an ultraﬁlter on X , it follows that Fk ∩ M = ∅, for some
M ∈ ξ . Then X \ Fk ∈ μ. Therefore, Fk ∩ Y /∈ η. Since Ak ∈ η, and η is an ultraﬁlter on Y , it follows that Ak \ Fk ∈ η. Put
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that Ek ∩ Vk = ∅, since Vk ⊂ Fk . Since Vk is open in X , it follows that Hk and Vk are disjoint. Hence Vk ∩ Int(Hk) = ∅, and
we conclude that Int(Hk) = ∅. Thus, Hk is a nowhere dense closed subset of X . Therefore, X \ Hk ∈ μ and Y \ Hk ∈ η. On
the other hand, we have seen that Ek ∈ η. Since, obviously, Ek ∩ (Y \ Hk) = ∅, we have obtained a contradiction. 
Proposition 10 is instrumental in the proofs of several results below.
The next statement immediately follows from Proposition 10, since all spaces we consider are regular.
Corollary 11. If Y is a dense subspace of a space X, and Y is bisequential at some point b ∈ Y , then the space X is also bisequential
at b.
Theorem 12. Suppose that a compact space B is a union of two dense in B nowhere locally compact subspaces Y and Z of countable
pseudocharacter. Suppose also that the complements to Y and Z in B are weakly HN-complete spaces. Then the space B is bisequential.
Proof. Clearly, B \ Y is also dense in B , so that Y is a remainder of B \ Y . It follows from Theorem 4 that the space Y
is bisequential. Since Y is dense in B , Proposition 10 implies that B is bisequential at every point of Y . Similarly, B is
bisequential at every point of Z . Since B = Y ∪ Z , it follows that B is bisequential. 
Example 13. The space B = ω1 + 1 is compact Hausdorff, and the tightness of B is uncountable. However, B = ω1 ∪ {ω1},
where the spaces ω1 and {ω1} are ﬁrst countable and weakly HN-complete. Observe also that the two subspaces of B
are complementary in B . This example shows that the density and nowhere local compactness restrictions in Theorem 14
cannot be dropped.
The following general question seems to be very natural. Suppose that P is a class of topological spaces (deﬁned up to
a homeomorphism). A subspace Z of a space X will be called weakly complementary to a subspace Y of X if X = Y ∪ Z .
A General Question. Given a space X and its subspace Y ∈P , is there a subspace Z of X such that Z ∈P and Z is weakly
complementary to Y in X?
Taking P to be the class of spaces homeomorphic to a topological group, we obtain the next, more concrete, question:
A Less General Question. Given a compact space B and its subspace Y homeomorphic to a topological group, is there a
subspace Z of B such that Z is homeomorphic to a topological group and Z is weakly complementary to Y in B?
A related and better known question concerns decomposability of spaces in two dense complementary subspaces be-
longing to some ﬁxed classes P and Q.
The techniques developed above allow to obtain some results in these directions. In particular, we have:
Theorem 14. Suppose that G is a non-locally compact topological group of Ulam non-measurable cardinality, and that bG is its
compactiﬁcation. Suppose further that the remainder Y = bG \ G has a Gδ-point b (in Y ). Then either no weakly complementary to G
in bG subspace Z of bG is homeomorphic to a topological group, or bG is separable and metrizable.
Proof. Assume that some weakly complementary to G subspace Z of bG is homeomorphic to a topological group. Then,
clearly, Y ⊂ Z . Observe that Y is dense in bG , since G is nowhere locally compact. Therefore, Y is dense in Z .
By Theorem 1, the space Y is bisequential at b. It follows now from Corollary 11 that Z is bisequential at b. Since Z is
homogeneous, as any topological group, we conclude that Z is bisequential. However, every bisequential topological group
is metrizable (see [8]). Therefore Z is metrizable. Hence, Y is metrizable, and a theorem in [3,4] implies that both G and
bG are metrizable and separable. 
Notice that a portion of the above argument proves the next statement.
Theorem 15. Suppose that X is a weakly HN-complete and nowhere locally compact space with a remainder Y in a compactiﬁcation
bX such that some point of Y is a Gδ-point in Y . Suppose further that Z is a weakly complementary to X in bX subspace homeomorphic
to a topological group. Then Z is metrizable and Y is Lindelöf.
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